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Abstract 

We develop a general perturbative analysis on vacuum spacetimes which can be constructed 
by generating manifolds of revolution around a curve, and apply it to the Schwarzschild metric. 
The following different perturbations are carried out separately: 1) Non-rotating 2-spheres are 
added along a plane curve slightly deviated from the “Schwarzschild line”; 2) General non-rotating 
topological 2-spheres are added along the “Schwarzschild line” 3) Slow-rotating 2-spheres are added 
along the “Schwarzschild line”. For (1), we obtain the hrst order vacuum solution and show that 
no higher order solution exists. This linearised vacuum solution turns out however to be just a 
gauge transformation of the Schwarzschild metric. For (2), we solve the general linearised vacuum 
equations under several special cases. In particular, there exist linearised vacuum solutions with 
signature-changing metrics that contain closed timelike curves (though these do not correspond to 
adding topological 2-spheres). For (3), we find that the first order vacuum solution is equivalent 
to the slowly rotating Kerr metric. This is hence a much simpler and geometrically insightful 
derivation as compared to the gravitomagnetic one, where this rotating-shells construction is a 
direct manifestation of the frame-dragging phenomenon. We also show that the full Kerr however, 
cannot be obtained via adding rotating ellipsoids. 
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I. INTRODUCTION 


The general method of constructing spacetime by generating manifolds of revolution 
around a given curve was originally devised to build static curved traversable wormholes 
nizii which do not rely on the assumption of spherical symmetry. A key result found using 
this method was that although exotic matter is required to support a traversable wormhole 
Hi, it is possible to engineer the shape and curvature of curved ones so that safe geodesics 
through them exist. This allows travellers to traverse on a freely-falling trajectory locally 
supported by ordinary matter, avoiding the need for direct contact with the exotic matter. 

Here is the method. Take a given smooth curve 'ip{v) embedded into The 3-manifold 
of revolution formed by adding 2-spheres along -0 is given by: 

a{u,v,w) = 'ip{v) + Z(v) sinucostc hi(v) + Z{v) sinusintc h 2 (n) -|- Z{v) cosu fisiv), (1) 

where Z is the radial function determining the variation of the 2-spheres’ radii along -0 
and hi, 712, ha are three orthonormal vectors, canonically taken to be perpendicular to 'ijj 
(unless simpler equations can otherwise be produced). So a is a map from the 3-manifold 
of revolution into The metric of the 3-manifold can be calculated by pulling back the 
standard Euclidean metric of via a (see for instance appendix A of Ref. 0) 0, and 
subsequently extended to become a (3-|-l)-d spacetime metric. Observe that for some hxed 
V, {Z(n) sinMcos w, Z(n) sinMsinta, Z(n) cosu} forms a parametrisation of a 2-sphere with 
radius Z{v). Ergo, the geometry of the 3-manifold of revolution constructed in this manner 
is that of having it being foliated by 2-spheres whose centres are on ip. 

The Schwarzschild metric is a trivial application of this method by adding 2-spheres 
along a straight line im, section 3 of [H], or see section 2 below). Whilst Eq. ([^ gives a 
static or time-independent 3-manifold, it is not difficult to construct stationary or dynamical 
spacetimes. An explicit example of a dynamical spacetime can be found in Ref. [2] where 
an inflating wormhole is constructed by letting p) and Z depend on time. 

In this paper, we apply this method to perturbing the Schwarzschild metric in three 
separate ways: 

1. Non-rotating 2-spheres are added along a plane curve slightly deviated from the 
“Schwarzschild line”. (In this paper, Schwarzschild line refers to the straight line 
Ip where application of this method produces the usual Schwarzschild solution.) 
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2. Non-rotating general topological 2-splieres are added along the Schwarzschild line. 


3. Slow-rotating 2-spheres are added along the Schwarzschild line. 

In other words, our goal here will be to obtain vacuum solutions (as opposed to allowing 
essentially uncontrolled freedom in the materials supporting traversable wormholes). We 
appeal to the use of perturbations around the Schwarzschild metric instead of solving the 
full vacuum held equations where for instance: 1) the plane curve is only slightly deviated 
from the Schwarzschild line; 2) the general topological 2-spheres are only slightly warped 
from those 2-spheres which produce the Schwarzschild metric; and 3) the 2-spheres are only 
slowly rotating; because the full non-perturbative equations are highly non-linear. More 
crucially, there is no guarantee for a general vacuum spacetime to admit foliations according 
to this prescription and thus there might not even exist such a vacuum solution. 

Such 3-d spatial manifolds can obviously be foliated into 2-spheres (by construction). 
This provides a means of describing the (3-|-l)-d spacetime in a tractable manner in trying 
to solve the vacuum held equations, offering a useful geometrical structure and symmetry, 
in contrast to solving for a general manifold without much known additional structure. For 
example, it is easy to construct manifolds of revolution around a curve which are manifestly 
axially symmetric (explicitly independent of the tc-coordinate in Eq. ([^). The notion 
of 3-d hypersurfaces assumed to be foliated by compact 2-surfaces in general has been 
employed elsewhere in general relativity apart from our consideration here to construct 
vacuum spacetimes (and originally for constructing curved traversable wormholes), though 
not based on the idea of generating manifolds of revolution around a curve. For instance, 
Frauendiener derived an integral formula on such hypersurfaces assumed to be foliated by 
compact 2-surfaces [9]. This has several nice applications, most notably in deriving the 
Bondi mass-loss formula for a general asymptotically hat spacetime, as well as the Penrose 
inequality for spherically symmetric spacetimes. In fact, a way to arrive at the Penrose 
inequality involves foliating an initial data hypersurface by 2-surfaces according to the inverse 
mean curvature how [TUHT2] . With this point of view, general relativity may be thought of 
as unique in the sense that one has this geometrical picture to regard the 3-space as being 
composed of individual layers of 2-surfaces and then try to solve the PDEs with such a 
priori structure in mind. A general set of PDEs does not possess such structures that could 
otherwise assist in trying to hnd solutions. 
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In general, this perturbative approach can be applied to any spacetime which is known 
to admit a decomposition into spheres being added along a curve. Introducing a curve 
slightly deviated from the actual one, adding slightly warped topological 2-spheres, or adding 
slow-rotating 2-spheres would allow one to study effects due to such departures. For the 
Schwarzschild metric, this is a way of breaking the spherical symmetry whilst still providing 
a means of keeping the analysis tractable. 

This paper is organised according to the ordering of the three separate perturbations: In 
section 2, we discuss the first order vacuum solution due to a plane curve slightly deviated 
from the Schwarzschild line, and find that no higher order vacuum solution exists. We then 
discover and explain that this linearised solution is actually equivalent to a gauge trans¬ 
formation of the Schwarzschild metric via the Regge-Wheeler formalism [laiii]. The next 
section is devoted to the idea of adding general topological 2-spheres to the Schwarzschild 
line. Whilst we make no attempt to completely solve the most general resulting linearised 
vacuum field equations, we focus on the solutions for several special cases: in particular those 
where the 2-surfaces turn out to be non-compact (so they are not topological 2-spheres), 
giving rise to signature-changing spacetime metrics that contain closed timelike curves. Fi¬ 
nally, we deal with the details of the slowly rotating 2-spheres in section 4, and also explore a 
non-perturbative generalisation to this method by adding rotating 2-ellipsoids. It turns out 
however, that adding rotating 2-ellipsoids does not lead to the full Kerr solution because the 
resulting form of the metric is only a subset of the most general ellipsoidal metric [151 US]- 


II. ADDING NON-ROTATING 2-SPHERES TO PLANE CURVE SLIGHTLY DE¬ 
VIATED FROM THE SCHWARZSCHILD LINE 

Consider the Schwarzschild exterior vacuum solution in Schwarzschild coordinates, 

ds^ = -(l- df + - ^——dr^ + r\de^ + sin^ 9 dcj)^). (2) 

V r J 1 - Rs/r 

By the general method of constructing manifolds of revolution around a given curve, this 
form of the Schwarzschild metric is constructed by the radial function Z{r) = r along the 
line = (0,0,0,/(r)) in where /(r) = 2^JRsijr — Rs). Note that since -0 is one of 
the axes of the three orthonormal vectors hi,h 2 ,h 3 are just the three other standard 
Euclidean coordinate basis vectors for 
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For a small deviation from the straight line '^(r) = (0,0,0,/(r)), let ‘ip{r) = 

(0, 0, sg{r), f{r)). The 3-manifold of revolution (embedded into M^) is constructed by adding 
the oscillatory terms {rsin 6 'cos(/),r sin 6 ^sine/),r cos 6 ^} respectively along three mutually or¬ 
thonormal directions which are perpendicular to the tangent vector, i.e. hi = ( 1 , 0 , 0 , 0 ), 
77,2 = (0,1, 0,0), hs = {0,0, f{r),—eg'{r))/d where d = \/ f'{ry + e‘^g'{ry ^ f{r). The 
resulting 3-manifold of revolution is thus 

d{r, 6, 0) = (r sin 6 cos 0, r sin 6 ^ sin 0, r cos 6 + £g{r), f{r) — eg'{r)r cos9/f'{r)). (3) 


It is known from the general method of constructing 3-manifolds of revolution around plane 
curves [H |2] that grr is a complicated term (even here for first order in e.) If we consider 
instead the three orthonormal directions to be the 61 , 62,63 axes, perpendicular to the un¬ 
perturbed Schwarzschild line 'ijj instead of 'ifj na, then the resulting 3-manifold of revolution 

is 


cr 


r,9,(f)) = (r sin 6 * cos0, r sin 6 *sin0, r cos 6 * -f eg{r),2\/Rs{r — Rs) 


The partial derivatives are 


hr = ^sin 9 cos 0 , sin 0 sin 0 , cos 9 + eg'(r), 

he = {r cos 9 cos 0 , r cos 9 sin 0 , —r sin 9, 0) 
(j 0 = (—r sin 9 sin 0 , r sin 9 cos 0 , 0,0). 



(4) 

(5) 

( 6 ) 
(7) 


The spatial 3-metric (to hrst order in e) using gij = hi ■ hj (see footnote [7]) is then 

ds^ = —h 2eg'{r) cos 9^ dP + r‘^{d9‘^ + sin^ 9 dej)^) — 2erg'{r) sin^ drd9, (8) 

and the resulting (3-1-1 )-d spacetime metric being 

ds^ = — ^ ^1 — —^ -f ex{r, 9)^ dt^ + 

+r‘^{d9‘^ -I- sin^ 9 def)^) — 2erg'{r) sin^ drd9, (9) 


since we assume the perturbed Schwarzschild spacetime to be static. The term x(r, 9) is the 
deviation from the Schwarzschild gu corresponding to that of g{r) on the Schwarzschild line. 
In a fully expanded solution, g^ can be written as gu = — ((1 — Rs/r) + sxe + -!-■■■). 
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We can proceed to calculate the inverse metric from g^'^g^p = the Christoffel 
symbols = \g^'"{gau,g + g 0 u,a - 9 ag,v), and hnally the Ricci tensor + 

The non-zero components are: 


Rsir - Rs) cose d x /n 

Rtt = e --[( 2 r - Rs)g - r{r - Rs)g ] 


2r^ 


+e 


Rl 


1 1 /I ~ Rs) (4r — hRs) 

^_X,e + cot0 + -^^—Xrr + X. + 


X 


( 10 ) 


Rrr = X [( 2 r - 3Rs)g' - 3r(r - Rs)g"j 


2r^(r — Rs) 
r 

+e 


,, , Rs ,, Rs(4r-3R5) ■ 

;Xrr R n \oXr r, \-x X 


Raft — —e 


[ 2{r--Rs)'^ 4(r-R5)2^" 4r(r - Rs)3 

Rs cos 9 


R. 






Rs cos 6 


sin 9 r 

+e 


[Rsg' + r{r - Rs)g'']+e 
[Rsg' + r{r-Rs)g”] 


Rs 


'2{r-Rs)^^^ 2^'^^2{r-Rs) 


X 




D _ D _ ^ssin6' , 

RrO — Rdr — S -- 9 + £ 


( 2 r - Rs) 

[A{r - Rs)^"'’ 2{r-Rs) 


Xe 


Xr9 


( 11 ) 

( 12 ) 

(13) 

(14) 


Here is a useful relation by inspection: 

Rfhth 


R, 


ee 




sm 


9 2 (r - Rs) 


{Xee - Xe cot 9). 


(15) 


For Rpi, = 0, this gives xee = Xe cot 9 which can be integrated to x(r, 9) = Xi(r) cos 6^-1-X 2 (^")- 
Using Xee = Xecot9, a second useful relation can be found: 

2Rs cos 9 1 


r(r - Rs)Rrr + 


:Rtt + 2i?0e — e- 


\{r-2Rs)9' -‘lrir-Rs)9'% (16) 


{r-RsY 

and Rpu = 0 implies that (r — 2 Rs) 9 ' — 2 r(r — Rs)9'' = 0 , integrated to give g{r) = 
A{r + 2Rs)x/r — Rs + B. Again, using xee = Xe cot 9, there is a third useful relation: 


r(r — 

4 

cot 9 


I 

-Rrr T y7 ^ \Rtt xR^^ RreiX COt 9) 
4(r - Rs) 2 


Rsr \ r 

7Xre 




2(r - Rs)^"" 4(r - Rs)^^y ^ 2^^' 2(r - Rs) 


where using x(r, 9) = Xi(r) cos^ -|- X 2 (^") and R^y = 0 give 

„2 


X 


(17) 


cos 6 * 


rx'i 


2(r-i?s) ^ 4(r-R5)2 


Xi^ = ^(Xi cos 0 Ax's) - 2 {r^-Rs) + X 2 )( 18 ) 
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Collecting terms without cos 6 * leads to X 2 (r) = C{r — Rs)/r, and collecting terms with cos 9 
yields Xi(r) = — Rs/r. It can be checked that with this y and g, all components of 

the Ricci tensor are identically zero if D = ARs- Ergo, 

g(r) = A(r + 2Rs)\/r - Rs + B (19) 

x(r, 6 ')=cfl -—^/r - Rs cos 9 (20) 

\ r / r 

form the solution to the hrst order vacuum held equations for a slightly deviated plane curve 
from the Schwarzschild line. Thus, the sought after plane curve is 

^(r) = (^0,0, eA{r + 2Rs)-Rs,2^/Rs{r - R 5 ) j , (21) 


where the arbitrary constant B is made zero by an appropriate choice for the origin of the 
coordinate system. The corresponding metric is 


ds^ = — ( (1 + eC) ( 1 — —^ 


■ \/r — Rs cos 9^ dt^ 


+ 


3eAr cos 9 


1-Rs/r ^Jr - Rs 


d ^.2 _|_ P(^(]^q 2 _|_ gjj ^2 Q ^ 02 ^ _ 3£ Rr sin ^ drd9. ( 22 ) 


Vr - Rs 

Next, we look into the second order vacuum held equations where the curve is ■^(r) = 
( 0 , 0 ,£ 5 f(r) + £^/i(r),/(r)), with g being the solution that we just found, and h being the 
second order perturbation. The details are worked out in the appendix A, showing that no 
second order solution exists. So, the above metric can be rewritten as 


ds^ = — (1 — — + e—\/r — Rs cos 6 ^^ dt"^ + 
\ r r J 

+r\d9^ + sin^ 9 dcf>^) - drd9. 

Vr - Rs 


+ 


3er cos 9 


1 - Rs/r y/r - Rs 


dr^ 


(23) 


Note that we have gotten rid of C* by a rescaling of the time coordinate, following the absence 
of a higher order solution, and then absorbed A into the perturbation strength, e. 

By adding 2-spheres in the application of this method of generating manifolds of revolu¬ 
tion around a plane curve, we demand a rather high symmetry as compared to adding an 
arbitrary compact 2-surface. This is because only one degree of freedom dehnes a 2-sphere, 
viz. its radius. Whilst this high symmetry and lack of degree of freedom do lead to a unique 
linearised vacuum solution, it turns out to be overly restrictive against accommodating 
higher order Ricci flat spacetimes. 

A possible resolution to this would be to drop the demand that the resulting spacetime 
be Ricci flat. This was in fact the original purpose of this method to represent curved 
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traversable wormholes DEI- It could also perhaps be adapted to construct interior solutions 
for non-spherically symmetric astrophysical objects. Our focus for this paper on the other 
hand, is the vacuum region outside a (slightly) non-spherically symmetric body which may 
be constructed using our method. Hence, an alternative approach in attempting to find 
higher order vacuum solutions (or eventually if possible, full vacuum solutions) would be 
to relax the use of the high symmetry of the sphere. A natural first step towards this 
generalisation would be to consider the ellipsoid, which has its eccentricity as an additional 
degree of freedom (which we shall be attempting in section 4 to see if this gives the full 
Kerr). The essential motivation for employing the sphere is its high symmetry leading to 
reasonably tractable equations in order to glean some useful insights, as we have presented. 
A lack of symmetry is accompanied by significantly more intricate technical details. Adding 
general topological 2-spheres will be the topic of the next section. 


Meanwhile, let us try to better understand the metric given by Eq. (23). Is this a new 
linearised vacuum solution? In the study of perturbations over a background metric only 
to first order, there exists the degree of freedom due to a gauge transformation. For the 
Schwarzschild metric in particular, the Regge-Wheeler formalism originally devel¬ 

oped to study stability questions may shed some light to possibly identify the nature of the 


spacetime described by Eq. (23). By comparing the perturbation terms (i.e. those involving 
e) to the general perturbation terms in Ref. |T3] (which are their Eqs. (12) and (13)), it 


can be observed by inspection that our metric Eq. (23) corresponds to the / = 1 even-parity 
sector. This is known to be a gauge transformation of the Schwarzschild metric to first order 
H. More specihcally, the general gauge transformations are given in Section II B of Ref. 
na. Using their notation, we have Hu = —eRs\/r — Rs/r, Hrr = ^sr/ \/r — Rs, Hu = 0, 
Qt = 0, Qr = /2yjr — Rs, K = 0, with G not present for I = 1. Then, the following 
choice of = 0, = —sr‘^1 yjr — Rs, f = —e\Jr — Rs would eliminate all the first order 

terms under the gauge transformation to leave the background Schwarzschild metric with 
zero perturbation |18j . 










III. ADDING SLIGHTLY WARPED TOPOLOGICAL 2-SPHERES TO 
SCHWARZSCHILD LINE 


We would now add general topological 2-spheres along the Schwarzschild line, ■^(r) = 
(0, 0, 0, /(r)), where /(r) = 2^J Rsijr — Rg). This is done by adding the following oscillatory 
terms {(r + epx{r, 9, 0)) sin 9 cos cj), (r + epy{r, 9, 0)) sin 6 ^ sin 0, (r + epz{r, 9, 0)) cos 9} to the 
three coordinate basis vectors 61 , 62,63 to give the following 3-manifold of revolution: 

(j(r, 0, 0) = ((r + epx{r, 9, </>)) sin 6^ cos 0, (r + epy{r, 9, 0)) sin 0 sin 0, (r -|- epz{r, 9, 0)) cos6', 
fir )). (24) 


In order to ensure that these oscillatory terms represent compact topological 2-spheres, 
appropriate boundary conditions such as periodicity of 0 over an interval of 27r and that 
Px,Py,Pz do not become inhnite should be imposed. We see below however, that there 
are certain classes of linearised vacuum solutions where the poles 9 = 0,7i or the equator 
9 = 7 r /2 of these 2-surfaces would indeed blow up, and so we would not strictly rule out 
such solutions. 


The 3-d spatial metric for Eq. (24) can be calculated, and then appended to be a (3+1)- 
d spacetime metric with = —(1 — Rs/r + eT{r,9, (j))), gu = 0 . As was done in the 
previous section, the Ricci tensor is calculated to first order in 6 and would equal to zero 
for vacuum spacetimes. The most general case here however, is unwieldy and not very 
illuminating. Each non-zero component of Ry^ is of the order of a couple of pages long, after 
full simplification by an algebraic software like Mathematica. We therefore make no attempt 
here to completely hnd all solutions. Nevertheless, there are several classes of interesting 
vacuum solutions which we now present. 
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A. Adding displaced 2-spheres along the Schwarzschild line, which is eqnivalent 


to adding 2-spheres to plane curve 


If the “warping” of the 2-spheres are given by Px = Py = 0, pz = g{r) sec 9, where 


g{r) = (r + 2Rs)\/r — Rs, then the 3-manifold of revolution in Eq. (24) becomes 

a{r, 9, 0) = (r sin 9 cos 0, r sin 6* sin 0, r cos 9 + sg{r), f{r)) . (25) 


This leads to the resulting vacuum spacetime which is exactly Eq. (23) found in the 


previous section. This association arises from pz = g{r) sec 9 which becomes inhnite at 
the equator 9 = 7i/2, though it precisely cancels out the cos 9 factor which multiplies 
it. Hence, what we see here is the relation between adding “displaced” 2-spheres along 
the Schwarzschild line (i.e. the 2-spheres {rsin6'cos0, rsin6'sin0, r cos^} get displaced by 
when added to the Schwarzschild line), with adding 2-spheres directly to the plane 
curve 0(r) = {0,0,eg{r), f{r)). 

In fact more generally, take px = exg{r) esc 9 sec (f), py = eyg{r) esc 9 esc (f), pz = 
ezg{r) sec9. Then, the 3-manifold of revolution is 


a{r,9,(j)) = {rsm9cos(j) + eexg{r),rsm9sm(() + eeyg{r),rcos9 + eezg{r), f{r)), (26) 

where here we have three independent perturbations of strengths eex,eey,eez nor¬ 
malised hy + By + el = 1. This may alternatively be obtained by adding 

2-spheres to the plane curve tfjir) = {eexg{r),eeyg{r),eezg{r), f{r)). It can be 
shown that the resulting (3+l)-d linearised vacuum metric would be obtained by 
computing the above 3-d spatial metric and then appending the term gu = 
— (l — Rs/r + sRsy/r — Rs{Bx sin 6^ cos 0 -f By sin 0 sin 0 -1- cos 6')/r). Of course, this is 
just a gauge transformation of the Schwarzschild metric, as explained towards the end of 
the last section. Nevertheless, it is appealing to relate such gauge transformations of the 
Schwarzschild metric with the geometrical viewpoint of adding 2-spheres to a plane curve 
or equivalently adding displaced 2-spheres to the Schwarzschild line. 


B. 0-independence and px = Py 

To glean possible linearised vacuum solutions, we focus here on the special cases where 
Px = Py = P, and all Px,Py,Pz, together with T are independent of 0. The vacuum held 
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equations are still rather long and regrettably not presented explicitly. It is perhaps much 
more instructive instead, for us to write down the solutions we found under the following 
situations [12] (1) Pz = 0; (2) Px = Py = P = ^- One can calculate the Ricci tensor for these 
solutions and hnd that they are indeed zero to hrst order in 


1 . pz = 0 


The general linearised vacuum solution for pz = 0 is: 


ds^ = — ( 1 — — + £ 


CiRsV^ ~ Rs 


cos 6 + 


CsRsV'^ ~ Rs , f C^R, 


+ 


+ 0,1 11 - — 


dv 


+ s 


fiC.rcose , C, 


1-Rs/r \^/r - Rs - Rs 

+ sin^ 9 — 2 er ^{Cig{r) + C 2 ) cos 9 + — Rs + ~ 2 ^ 5 )^ cos^ 9^ ^ csc^ 9d9^ 


+ ^r^sin^^ + 2 £r ^(Cig(r) + C 2 ) cos9 + ^C' 3 '\/r - Rs + ^(r - 2 Rs)^^^ dcf)^ 


+2e 




2 cos2 9 


V 2 ^/r - Rs 


- C,g{r) -C 2 - 


C'i{r — 2Rs) cos 9 
2 y/r - Rs 


+ O4R5 cos 9 ) CSC 9drd9, 


(27) 


where Ci, O2, O3, 04, C5 are arbitrary constants. 

This metric is the result of adding the 2-surfaces with oscillatory terms {(r-|- 
£p(r, 6 ^)) sin 6 * cos(/), (r -1- ep(r, 0 )) sin^sin(/>, r cos 6 ^} where p = {{Cig{r) + C2)cos9 + 
C^y/r - Rs + ^(r - 2Rs)/2)) 080 “^ 9 and g{r) = {r + 2Rs)y/r - Rs is the same function 
g{r) {A = 1, B = 0) appearing in the discussion of the plane curve deviation, to the 
Schwarzschild line and then having the gu term appended to it. To facilitate our descrip¬ 
tion of some remarkable features of this linearised vacuum solution, let us set the arbitrary 
constants Ci = 1 , C 2 = C 3 = C 4 = C 5 = 0 , to leave ourselves with: 


ds^ = 


T Rs , RsV^ 

1-h £ - 


R, 


cos 9 ] dt'^ + 


+ 


3£r cos 9 


^-Rs/r y/r - Rs 

+ (r^ sin^ 9 — 2£rg{r) cos 0) csc^ 9d9‘^ + (r^ sin^ 9 -|- 2£rg{r) cos 6*) dcp 

^ , 3r2 cos^ 9 , , \ n 1 

+2£ — , — gir) CSC 9drd9, 


dr^ 


(28) 


with p = g{r) cos 6 * csc^ 9. We may further simplify this by the gauge transformation corre¬ 
sponding to subtracting off the perturbation terms in the I = 1 even-parity sector, i.e. Eq. 
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FIG. 1. The 2-surface which blows up at the poles. 


(23) to arrive at: 
ds"^ = — 


-) + r 

r 1 


Rs/r 


dr‘^ + 2e {rg'{r) — g{r)) esc 9drd9 


+ sin^ 9 — 2erg{r) cos 0) csc^ 9d9^ -|- sin^ 9 + 2erg{r) cos 6 *) d(j)^. (29) 


One can of course directly calculate the Ricci tensor for this metric to find that it is indeed 
zero to first order in £. 

This metric has unusual properties, which lies beyond the Regge-Wheeler formalism na. 
Firstly, it blows up at the poles 6 * = 0, vr due to the esc 6 * terms. This is the result of adding 
the non-compact 2-surfaces where p = g{r) cos9 csc^ 9 becomes inhnite there, see Fig. 1. 
Nevertheless, this is a coordinate singularity which can be eliminated by the coordinate 
transformation = tan {9/2) where g G M to give: 

ds^ = — (1 — — ) dt^ H- ^ — —dr"^ + 2e {rg'{r) — g{r)) drdq 

V r J 1 - Rs/r 

+ (r^sech -|- 2erg{r) tanh g) def + (r^sech ^g — 2erg{r) tanh g) dcj)"^. (30) 

In this form, this metric does not contain any term which go to infinity (for r > Rs)- It 
does however, become degenerate and even changes its signature. A way to see this quickly 
is to recall that when g —)■ ±oo (i.e. heading towards the poles), then sechg —)■ 0 and 
tanhg —)■ ±1. Consequently, either one of gqq or g^^ would change its sign from -|- to —, and 
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the signature of the spacetime goes from (1, 3) to (2, 2). The region near the equator g = 0 
is where its signature remains as (1, 3). 


In the reduction to Rs = 0, the metric Eq. (30) becomes 


ds^ = —dt^ + dr"^ + (r^sech tanh g) dq^ + (r^sech ^g — 2 er^^‘^ tanh g) dcf^ 

+er^^‘^drdq. (31) 

The signature-changing feature still persists as in the Schwarzschild case. It can be checked 
that this is Riemann flat to hrst order and is thus Minkowski spacetime by adding those 
2-surfaces to the point '^(r) = (0,0, 0,0) (since /(r) = = 0). (Note that the 

perturbation terms can be eliminated by a gauge transformation.) 

Signature-changing metrics have been a lively subject in the literature [2UII22] . with a 
recent work by Ref. [22] discussing how this may be a challenge for quantum gravity. Whilst 
Ref. [20| provided examples of continuous and discontinuous signature changes from (1,3) 
to (0,4), what we have here on the other hand is a way of constructing signature change 
from (1, 3) to (2,2) (or it may also be adapted to go from (0,4) to (1, 3) if gu = I — Rs/r in 


Eq. (30)) by adding non-compact 2-surfaces which blow up at the poles, and requiring that 


it is Ricci flat to hrst order. Notice that £ can be as small as desired so that higher order 
terms can essentially be ignored, but this feature always remains as long as £ 7 ^ 0 because 
the polar angular coordinate is “non-compact”. Hence, it is not necessary to look for higher 
order solutions. 

2. Px = Py = P = 0 


The general linearised vacuum solution for = p = 0 is: 

+1 +V, I fi - — j j j * 


r / \ r 


+ s 


l-Rs/r 


D, 


+ Da] ] dr 


-I- 1 cos^ 


6 — 2er — Rs — 2Rs)^ sin^ sec^ 9d9‘^ 


^2„-2qj±2 I / -^3(^ 2R5) 


-|-r sin 9d(f) -|- 2e 


— D^Rs ) sm9 sec 9drd9, 


(32) 


2 y/r - Rs 

where D^, ZI 4 , are arbitrary constants. (There are terms involving Di and D 2 analogous 
to Cl and C 2 for the p^ = 0 case. These however, correspond to the plane curve solution 
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FIG. 2. The 2-surface which blows up at the equator. 


Eq. (23) which is just a gauge transformation.) This metric is the result of adding the 


2 -surfaces with oscillatory terms {r sin 6 ^ cos 0 , r sin 0 sin 0 , (r -|- epz{r, 9)) cos 9} where pz = 
— Rs + Di{r — 2Rs)/2)) sec^ 6 *, to the Schwarzschild line and then having the gu term 
appended to it. Let us now focus on = 1 for the sake of discussion: 

1 


ds'^ = 


— ) dt^ + 


+ e ] dr 


l + £— 

r J \ r J — Rs/r 

+ (r^ cos^ 9 — er{r — 2Rs) sin^ 9) sec^ 999“^ + sin^ 9d(j)^ — 2eRs sin 9 sec 9drd9, (33) 


with pz{r,9) = 0.5(r — 2Rs)sec‘^9 (see Fig. 2). This metric also lies beyond the Regge- 
Wheeler formalism [13] due to the blowing up at the equator 0 = 7 r /2 of sec^. Under the 
coordinate transformation e'^ = tan 9 + sec 9 where q G [0, oo), 


ds^ = — ( 1 -I- e— 


i-^\dr + 

r 


+ e\ dr 


1 - Rs/r 

+ (r^sech — er{r — 2Rs) tanh^ g) dq^ -|- tanh^ qdcj)^ — 2eRs tanh qdrdq. (34) 


Once again, we see that for e > 0 and as g —)■ cxd (towards the equator), then g^g changes 
sign so that the metric changes signature from (1,3) to (2,2). On the other hand, if e < 0 
and is reasonably close to zero (so that gu and grr do not change signs), then its signature 
remains as (1, 3). This coordinate system however, only covers the upper half of the equator 
from 9 = 0 to n/2. The other half below the equator can be covered by the coordinate 
transformation = — tan 9 — sec 9 where g G {—oo, 0], giving the same form of the metric 
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as Eq. In other words, 6 E [0,7r/2) corresponds to g G [0, oo) by = tan6* + sec 6*, 

and 9 E (7r/2,7r] corresponds to g G (—oo,0] by = — tern 9 — sec 6'. 

In the limit where Rs —)■ 0, we have 

= —dt^ + (1 + e) + (r^sech ^g — er'^ tanh^ g) dg^ + tanh^ qdcf)^, (35) 

which still has the signature-changing feature. This is Riemann flat to hrst order in e, 
implying that it is Minkowski spacetime. 


IV. SLOW-ROTATING LINEARISED VACUUM SOLUTION 

Consider the following time-dependent 3-manifold of revolution around a straight line 
embedded into a 4-d Euclidean space: 

a{t,r,9,(()) = {r sm9 cos {(() + ufl{r,9)t),r sm9 sin {(() + ufl{r,9)t),r cos 9, f{r)), (36) 


where t is the time coordinate as measured by a faraway observer, r, 9 and 0 being the usual 
spherical coordinates for 3-d Euclidean space, /(r) = 2^jRs{r — Rs), and a; is a constant. 

The time-dependence built in here by replacing (j) -E- (j) + ujfl{r, 9)t from the static version 
in Eq. (|^ with £ = 0 (i.e. the 3-manifold of revolution for the Schwarzschild solution) 


to yield Eq. (36) represents the fact that the added spherical shells are rotating about 
the fourth coordinate axis (or the line ^lJ{r) = (0, 0, 0, /(r))) with angular velocity a;r2(r, 0), 
Fig. 3. This can be seen by choosing any particular point on the 3-manifold i.e. fixing 
some values of r, 6*, (/>, and noting that as time t evolves this point would be rotated by 
an angle of ujQ{r, 9)t about tlj. The r-dependence on U implies that spheres of different 
radii r may in general be rotating with different angular velocities. Its ^-dependence allows 
for the possibility that a sphere of radius r may be composed of rings of various latitude 
angles 9 rotating with different angular velocities. This is a construction of spacetime itself 
that is rotating around ip (as opposed to what one may usually consider instead, namely 
a rotating source of mass-energy). In other words, we are geometrically constructing the 
frame-dragging effect outside a rotating body. 
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FIG. 3. Each shell is rotating with angular velocity a;n(r, 0), so in general each shell of radius r is 
composed of rings of latitude Q that are rotating at different angular velocities. 


The spatial metric for the 3-manifold given by Eq. (36) can be compnted to give: 
1 


ds = 


1 - Rs/r 


+ sin^ 9 I -|- (r^ -|- o/Vtoir, sin^ d) dO"^ 


+r'^ sim 6 dcj)^ -|- 2a;"^r2r(r, 9)ile{r, 9)rr‘^ sim 9 drd9 + 2ujVLr{r^ 9)tr^ sin"^ 9 drdcj) 
+2uile{r, 9)tr^ sin^ 9 d9d(l) 


dr^ + r^d9^ + sim 9{uj^lr{'f', 9)tdr + ojVtg{r^ 9)td9 + defy . 


1 - Rs/r 

We extend this to the (3-|-l)-d spacetime metric: 

ds^ = -(l-:^+a;Aldt^ + 


-- dr^ + r‘^d9‘^ 

r J 1 — Rs / r 

-|-r^ sin^ 9{u^lrir, 9)tdr + u^l 0 {r, 9)td9 + d0)^, 


(37) 

(38) 


(39) 


so that a; = 0 corresponds to the Schwarzschild solntion, and A here represents the cor¬ 
responding deviation from the Schwarzschild gu- As it is, it appears that this space- 
time may be dynamical dne to the explicit time dependence in the metric components. 
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Upon the coordinate transformation cj)' = cj) uQ{r,d)t however [23], we see that dcf)' = 
dcf) + uVlr{r, 6)tdr + ooVLeir, 6)td6 + a;f2(r, 6 )dt so that the spacetime metric (dropping the 
prime on 0') becomes 

ds^ = — (l — — + ojK — sin^ dt^ H- ^ — —dr"^ + r^dO^ + sin^ 9d(f)^ 

\ r J 1- Rs/r 

—2Ljfl{r,9)r‘^sm‘^9dtd(j), (40) 

or to hrst order in uj, 

ds^ = — (l - - + dt^ H-—sin^ 9d(f)^ 

\ r J 1 - Rs/r 

—2uil{r,9)r‘^ sin^ 9dtdcj). (41) 

We can then proceed to solve the linearised vacuum held equations, as was done previously. 
Instead, we note that this is precisely the slow-rotating approximation to the Kerr solution 
[24] if A = 0, = 2/r^ and u is interpreted as the angular momentum (in appropriate units 

where G = c = 1). Each shell of radius r therefore rotates rigidly. 

The frame-dragging effect is a characteristic of spacetimes that have a non-zero gtrf) metric 
component [24]. The construction we present above begins by generating a spacelike rotating 
3-manifold of revolution around the line which certainly gives a 3-d spatial metric that 
(by dehnition) involves no gt^ components. We nevertheless obtain spatial cross-terms that 
depend explicitly on time t (well, every term of the metric depends on t except for which 
is the geometrical manifestation of the rotating shells of the 3-manifold of revolution. The 
extension to the (3-1-1 )-d spacetime metric by appending the term gu = —(1 — Rs/r + wA), 
gti = 0 is justihed by the fact that this is a slow-rotating perturbation of the Schwarzschild 
metric. Finally, it is the coordinate transformation 0' = (j)+ujQ{r, 9)t that httingly eliminates 
all spatial cross-terms, leaving gtfp as the only cross-term (and simultaneously removes all 
explicit f-dependence of the metric so that it becomes a stationary spacetime - the slow- 
rotating Kerr, in fact). We have thus shown that our rotating-shells construction is indeed 
equivalent to the usual notion of frame-dragging dehned by the non-zero gt^. 

A. Adding rotating ellipsoids 

In section 2, we discussed that the high symmetry of the sphere corresponds to a lack 
of degree of freedom. Consequently, it uniquely determines a linearised vacuum solution 
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but admits no higher order vacuum solution. For the case of rotating shells where the hrst 
order solution is the slow-rotating Kerr metric, it is intriguing to explore if it is possible to 
actually arrive at the full Kerr solution. The Kerr is certainly not spherically symmetric, 
but is in fact an ellipsoidal spacetime [ISlttniEH]. According to Ref. na, an ellipsoidal 
vacuum spacetime has a congruence of local rest spaces with metric of the form: 

ds^ = A{r, 9)dr‘^ + (r^ -|- a? cos^ 9)d9‘^ + (r^ -|- a^) sin^ (42) 

where A(r, 9) > 0. Ref. [15] then managed to obtain the Kerr solution in Boyer-Lindquist 
coordinates. 

Now if we add the rotating ellipsoids {k{r) sin 0 cos (0 -|- 9)t), k{r) sin 6 ^ sin (0 9)t),r cos 6 '}, 

where k{ry = + h‘^ {h is a constant) to the line 'ijj{r) = ( 0 , 0 , 0 , z(r)), the resulting 

3-manifold of revolution would have the following metric: 

7 2 f // \2 I A COS^ ^^721/2, 72 2 n\jn2 

ds = \ z ir) ^ - 5 -- 5 — ] dr + (r + h cos 9)d9 

\ J 

+{r^ + h?) sin^ 9{uVtr{r, 9)tdr -|- ujkle{r, 9)td9 + dcj)^, (43) 

so the spacetime metric would be 

= gudt'^ + (z'{ry + + ^ ^^2 ^2 ^^^2 

\ J 

+ {r'^ + h^) sin^ diujVtrir, 9)tdr -|- ujVteir, 9)td9 + d(j)Y. (44) 


With the change of coordinates <p' = 0-|-a;f2(r, 6*)t, so dcf)' = d(j)+uflr{r, 9)tdr+ojfle{r, 9)td9+ 
uQ{r, 9)dt, the spacetime metric (dropping the prime on 0') becomes 

= {gtt + n;^fl(r, d)^(r^ -|- h^) sin^ 9) dt^ + () dr^ 


r2 _|_ j^2 

+ {r‘^ + cos^ 9)d9^ + (r^ -I- h^) sin^ dd0^ — 2a;fl(r, d)(r^ -|- h^) sin^ 9dtd(j). (45) 


We see that our metric is of the ellipsoidal form in Eq. (42) for t = constant, where 


A{r,9) = z'{rY + (r^ -|- cos^ 9)/{r‘^ + h^) and a = h. To get the Kerr metric, one may 
try to match this with its Boyer-Lindquist form (Eq. (1.57) in Ref. |2S]), where the gee 
terms are identical. However, our metric is not general enough to give rise to a Ricci 
flat spacetime. In particular, the grr term for the Kerr in Boyer-Lindquist coordinates is 
grr,BL = (’"^ + cos^ 9) /(r^ — 2mr -|- h^). No z{r) can give this since it cannot be a function 
of 9. (Recall that z{r) is a parametrisation of the straight line '0(r) = (0, 0, 0, z{r)) and must 
only depend on one parameter, since the line is one-dimensional.) 
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Our construction only gives a subset of the most general form of the ellipsoidal metric, Eq. 


(42). With this being unable to produce a Ricci flat rotating spacetime, it can nevertheless 
be adapted to build a rotating spacetime with matter-energy fields present. Can this be used 
to derive an interior solution to the Kerr spacetime? Or perhaps it may be an alternative 
way to construct rotating traversable wormholes m 


V. DISCUSSION 

In this paper, we have formulated a general approach for a perturbative analysis on space- 
times that can be constructed by generating manifolds of revolution around a curve, and 
applied it to the Schwarzschild metric to explicitly demonstrate its utility. Whilst we devel¬ 
oped this method via perturbations on the Schwarzschild metric, the bigger goal is of course 
to obtain a fully non-perturbative construction by generating manifolds of revolution along 
an arbitrary curve (under suitable differentiability conditions) where the curve and resulting 
manifold of revolution may be embedded into M"' with n > 4. Although we have shown here 
that the hrst order vacuum solution by adding 2-spheres along a plane curve deviated from 
the Schwarzschild line is just a gauge transformation and no higher order solution exists, 
it must be emphasised that we chose the three orthonormal vectors to be perpendicular to 
the Schwarzschild line instead of the plane curve itself. This has certainly brought about 
valuable understanding towards this perturbative method, where the equations were reason¬ 
ably tractable (so we could present the entire derivation explicitly for this, but not for the 
solutions in section 3 which are signihcantly more arduous) [28], and it can also be directly 
compared to adding “displaced 2-spheres” which we discussed in section 3. The knowledge 
of that plane curve deviation being just a gauge transformation also became salutary as 
it prompted an obvious simplihcation of the solutions in section 3 by subtracting off those 
perturbations. (See also the last sentence in footnote [19].) The question of whether there 
may exist vacuum solutions due to generating manifolds of revolution around a plane curve 
with the three orthonormal vectors being perpendicular to the plane curve itself or even 
with some general orientation is therefore still open. 

One may recall that the analytic extension of the Kerr metric into r < 0 (in Boyer- 
Lindquist coordinates) contains closed timelike curves [21]. This happens because the 
component of the Kerr metric changes sign for small negative values of r, and hence the 
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corresponding closed curve given by 0 G {—7i,7i],9 = 7i/2, with constant t and r, becomes 
timelike. We see that something similar occurs also to the signature-changing metric of 


Eq. (30), though not for that of Eq. (34). For the former, set £ > 0 and consider any 
constant values for t,r, goo, where r > Rs, and qoo < oo being sufficiently large so that 
r^sech^goo — 2£rg(r) tanhgoo < 0. Such a goo must exist since given any fixed r, we have 
that r^sech^g —)■ 0 and 2£rg(r)tanhg —)■ 2erg{r) > 0 , as g —)• oo. Consequently, the closed 
curve given by 0 G (— 7 r, 7 r] with constant f,r, goo is timelike. The latter on the other hand 
only has a signature change due to the metric component Qgg changing sign. The curve given 
by g G [0, oo) with constant t, r, 0 is not closed, however. To obtain a closed curve, one may 
try to attribute it to a compact coordinate (in this case 0), when the other coordinates 
are fixed. But since the metric component here does not become negative, such closed 
curves are not timelike. 

Unlike the Kerr metric where these closed timelike curves occur in the analytic extension 


for r < 0 and can be hidden behind an event horizon, those of Eq. (30) occur at the 
“poles” corresponding to 6 * ~ 0 for any r > Rs, i.e. they exist essentially throughout 
the entire spacetime near 6 = 0. This raises a highly intriguing question of how it may 
be physically possible to have such a family of closed timelike curves over an unbounded 
region of spacetime, especially when this is vacuum and not within an event horizon. Is this 
perturbation induced by some kind of exotic matter fields on the Schwarzschild mass of the 
star/singularity at r = 0, or is this yet another gauge transformation of the Schwarzschild 
metric itself? 


This time the nature of the metrics given by Eqs. (30) and (34) are not so clear, since 
the Regge-Wheeler formalism does not apply, and there does not seem to be an obvious way 
to write down such gauge transformations. Whilst the Riemann tensor for these metrics 
can be calculated to show that they do contain some terms first order to e, this does not 
necessarily imply that it is not a gauge transformation because the Riemann tensor for 


Eq. (23), which is equivalent to the Schwarzschild metric (shown via the Regge-Wheeler 
formalism), also contains terms first order to e. This therefore leaves an open question on 
how to extend the Regge-Wheeler formalism to deal with more general perturbations of the 
Schwarzschild metric to: 1) include our construction method developed here; or otherwise 2 ) 
concoct an entirely new formalism. Note that we have the more general first order vacuum 


solutions given by Eqs. (27) and (32) which may possess even more unusual properties; or a 
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considerable future goal would be to show that they turn out as being diffeomorphic to the 
Schwarzschild metric. 


Even if this is ultimately demonstrated to be just a gauge transformation, this method 
may nevertheless be alternatively viewed as a way to construct signature-changing metrics, 
achieved by blowing up the originally compact topological 2-spheres. In particular, the 


reduction to Minkowski spacetime, Eq. (31), is in coordinates where the signature of flat 
spacetime (to hrst order) changes, giving rise to such a phenomenon of closed timelike curves 
(since for Eq. (31) changes sign). The explanation is of course that the spacetime is 


not absolutely flat, but does actually contain higher order mass-energy helds, which would 
perhaps violate the standard energy conditions in order to support the closed timelike curves 
[29]. It is certainly worth keeping in mind that such required exotic matter can be inhnites- 
imal, since £ 7 ^ 0 may be made arbitrarily small with the spacetime always satisfying the 
linearised vacuum held equations whilst preserving the signature-changing property and the 
existence of the closed timelike curves. 


VI. CONCLUDING REMARKS 

To summarise, we carried out three different types of perturbations: by introducing a 
slight deviation to the curve, adding warped topological 2 -spheres, and adding rotating 
2-spheres instead of non-rotating ones. Applying these to the Schwarzschild metric, the 
hrst turns out not to be a new solution, but just a gauge transformation. Adding general 
topological 2-spheres to the Schwarzschild line leads to a raft of possible solutions, where we 
only studied several special cases here. Perhaps the most intriguing of such vacuum solutions 
are those whose signatures change via the “blowing up” of the originally compact topological 
2 -spheres, representing a new class of vacuum solutions containing closed timelike curves. 
Finally, the third is a geometrical construction of the frame-dragging phenomenon which 
produces the slow-rotating approximation of the Kerr spacetime. This is arguably a more 
elegant geometrical derivation compared to the much longer gravitomagnetic one. It also 
does not require one to already know the full Kerr solution (to carry out linearisation) whose 
derivation can become quite technically involved 

Overall, this method can be used to study such perturbation effects on other known exact 
solutions of the Einstein held equations, if those spacetimes can be decomposed in such a 
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manner (for example, the Schwarzschild-de Sitter spacetime). This includes both the exterior 
vacuum region = 0 as well as interior solutions where — g^yR/2 = ^ 0. 
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Appendix A: Adding non-rotating 2-spheres to slightly deviated plane curve - no 
higher order vacuum solution 


For second order, the curve: 

■^{r) = (^0,0,£A(r-h2Rs)y/r^^^-F£^/i(r),2y/R^(r^^^^j . 

The 3-manifold of revolution: 

a(r, 0, (p) = sin 9 cos cj), r sin 6^ sin </>, r cos 9 + eA{r + 2Rs)\/r — Rs + e‘^h{r), 
2^yRs{r - Rs)^ . 

The 3-d spatial metric (to the order of e‘^): 


ds^ = 


+ 


3eAr cos 9 


1 - Rs/r 




4(r - Rs) 


+ 2h'{r) cos^^ ^ 


+r‘^{d9‘^ -|- sin^ 9 dcf)^) — ( : -|- 2e^rh'{r) ] sin^ drd9. 

Wr-Rs ) 

The (3-|-l)-d spacetime metric: 

ds^ = — ^(1 -f eC) --|- e- -\/r — Rs cos 9 + s‘^C{r, 9)^ dt^ 


+ 


3eAr cos 9 




9A^r 


2^2 


l-Rs/r A/r - Rs \A{r - Rs 

3eAr‘^ 


+ 2h'{r) cos 9 j j dr 


+r^{d9^ + sim 9 dcj)^ 


Vr-Rs 


+ 2e^rh'{r) sin^ drd9. 


(Al) 


(A2) 


(A3) 


(A4) 
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Hence, the non-zero components of the Ricci tensor are (to second order in e, note that the 
zeroth and hrst orders identically vanish, as expected of course): 
o _ .Mr-Rs)cose .. ^ ^ 


Rtf — £ 


[{2r - RsW - r{r - Rs)h”] 


ofl. 1. „ (r — Rs) . (4r — 5Rs) . Rs ^ 

+« 0 + + i3 C- + 4r3(r-Bs)‘^ 




4H(6r — 7Rs) + ISC^/r — Rs cos 9 

_ H(72r2 - 156Rsr + 85R|) cos^ 9' 
r- Rs 




. Rs ^ ^5(4r-3Rs) ' 

■2(r - RsM 4(r - RsM 4r(r - Rsf ^ 


16r(r — Rs) 


-12H(r - Rs) + QC\/r - Rs cos 9 

H(36r^ — 68Rsr + 33i?|) cos^ 9 
+ r-Rs 


Rf)o — —£ 


2 Rs cos 9 


[Rsh' + r{r-Rs)h"] 


^ y _Lr M r 

2{r-Rs)^'' 2^^ 2{r-Rs)^ 


8(r - Rs) 


2A(3r - 2Rs) - QC^/r - Rs cos 9 + H(18r - 23Rs) cos^ (A7) 


R<t> 4 > _ _ 2 

smH~ 


^^^ 2 ^ ^ [Rsh' + r{r- Rs)h''] 

^ p x Ce cot ^ - kr + , . C 

L 2(r-Rs) 2 2(r-Rs) 


8(r - Rs) 


—8A{r — Rs) + 2C>yr — Rs cos 9 + ARs cos^ 9 (A8) 


R -P --2^ssin0 2 

rCre — tt 0 r — £ —— ri -\- £ 
2r^ 


(2r - Rs) ^ r 

A{r-Rs)^^' 2{r-Rs)^''' 


^£2 ARs sm9 _ ^^ 3/2 _ ^ 24R|) cos^l . (A9) 

8r(r — Rs) 

The same useful relations as in the case of the hrst order equations can be formed here. 
Firstly: 

Red - -r^ = £^ 77 — ^—^[2rCe cot 9 - 2rCee - A‘^Rs{9r - lORs) sin^ 9], (AlO) 
sm 9 4(r — Ks) 
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and = 0 implies that 


= Cl(’^) +C2(r) COS0- 


A^Rs{9r — lOi?^) 2 


4r 


cos 0 . 


(All) 


Using 2r{Qo cot 6 — (eg) = A?Rs{9r — IO-R 5 ) sin^ 6 , the second nsefnl relation is: 

, 2 Rs cos 6 . 


r{r - Rs)Rrr + 


> - Rs) 


Rtf + 2Reg — £ 


\{r -2Rs)h' -2r{r - Rs)h”] 


Re’^-A^Rs^ 


(A 12 ) 


so that Rfj^u = 0 gives 

2r(r — Rs)h'' — (r — 2Rs)h' = ^A^r^sec 6 *, 


(A13) 


which has no solntion since h is a fnnction of r alone and independent of e EH nnless of 
conrse A = 0 which implies that there is no hrst order pertnrbation and the second order 
pertnrbation simply then becomes the effective first order pertnrbation. In fact, looking 
at the third corresponding nsefnl relation with the nse of ({r,9) = Ci(’") + C 2 (’")cos 6 ' — 
A‘^Rs{9r — lORs) cos^ 6*/4r: 


t(t — RA a 1 

- ~A - ~R^^ + 77-~ ~ = 

4 4(r — Rs) 2 

2 4 r(r - Rs)([ - ARs(i - IhA^Rsjr - Rs) 

8 (r - Rs) 

2 [- 2 {r - Rs)RsrC 2 - Rsir - 2Rs)C2 + 3A'^Rs{r - Rs)i3r - 2Rs) cos^] cos^ 

2 (r - 

From R^y = 0, collecting terms withont any ^-dependence gives 




(A16) 


Collecting terms with the 6 '-dependence, there is no solntion to (2 since it is only a fnnction 
of r and independent of 6 (again, nnless A = 0 ). 
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